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Abstract
A generalized strong external difference family (briefly (v,m; k1, . . . , km;λ1, . . . , λm)-
GSEDF) was introduced by Paterson and Stinson in 2016. In this paper, we construct
some new GSEDFs for m = 2 and use them to obtain some results on graph decompo-
sition. We also give some nonexistence results for GSEDFs. Especially, we prove that a
(v, 3; k1, k2, k3;λ1, λ2, λ3)-GSEDF does not exist when k1 + k2 + k3 < v.
Key words: generalized strong external difference family; difference set; character the-
ory; graph decomposition; nonexistence
1 Introduction
Let G be an abelian group of order v. For any two disjoint sets D1, D2 ⊆ G, define
∆(D1,D2) = {x − y : x ∈ D1, y ∈ D2}. Let D be a k-subset of G, and let λ and µ
be positive integers. Then D is called a (v, k, λ)-difference set (briefly (v, k, λ)-DS) in G
if ∆(D,D) = k{0} + λ(G \ {0}), and D is called a (v, k, λ, µ)-partial difference set (briefly
(v, k, λ, µ)-PDS) in G if ∆(D,D) = k{0} + λ(D \ {0}) + µ(G \ (D ∪ {0})).
Definition 1.1. Let G be an abelian group of order v. Let λ1, λ2, . . . , λm be positive integers
and let D1,D2, . . . ,Dm be mutually disjoint subsets of G such that |Di| = ki, 1 ≤ i ≤ m.
Then {D1,D2, . . . ,Dm} is called a (v,m; k1, . . . , km;λ1, . . . , λm)-generalized strong external
difference family (briefly (v,m; k1, . . . , km;λ1, . . . , λm)-GSEDF) in G if the following multiset
equation holds for each i, 1 ≤ i ≤ m,⋃
1≤j≤m
j 6=i
∆(Di,Dj) = λi(G \ {0}).
It is easy to see that the parameters of a (v,m; k1, . . . , km;λ1, . . . , λm)-GSEDF satisfy the
following counting relation for each i, 1 ≤ i ≤ m,∑
1≤j≤m
j 6=i
kikj = λi(v − 1). (1)
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A (v,m; k1, . . . , km;λ1, . . . , λm)-GSEDF is said to be a (v,m, k, λ)-SEDF when k1 = · · · =
km = k and λ1 = · · · = λm = λ.
Algebraic manipulation detection codes (briefly AMD codes) have many applications [5,
6, 7] and GSEDFs can be used to obtain R-optimal strong AMD codes [15]. Therefore, it is
important and interesting to determine whether or not there exist GSEDFs. Paterson and
Stinson [15] prove that there exists a (v,m, k, 1)-SEDF if and only if m = 2 and v = k2 + 1,
or m = v and k = 1. Huczynska and Paterson [8] show that for a (v,m, k, λ)-SEDF, either
k = 1 and λ = 1, or k > 1 and λ < k. They also show that a (v,m, k, 2)-SEDF can exist only
m = 2, and a (v, 2, p, λ)-SEDF, where p is prime, can exist only λ = 1. Wen, Yang, Fu and
Feng [19] present some general constructions of GSEDF by using difference sets and partial
difference sets. There are some (v, 2, k, λ)-SEDFs obtained from cyclotomic constructions,
see [1, 8, 15]. Wen, Yang and Feng [18], and Jedwab and Li [9] respectively give an example
of (243, 11, 22, 20)-SEDF in two different ways which is the first nontrivial example for m ≥ 5.
Martin and Stinson [14], and Jedwab and Li [9] use different methods to prove that if
k > 1, then there do not exist (v, 3, k, λ)-SEDFs and (v, 4, k, λ)-SEDFs in any finite abelian
group. Further, Jedwab and Li [9] gave some upper bounds for a (v,m, k, λ)-SEDF, and used
them to get some nonexistence results for the case m = 2. For more nonexistence results on
(v,m, k, λ)-SEDFs, see [1, 8, 9, 14].
In this paper, we shall focus on the constructions and nonexistence of GSEDFs. In the
next section, we will give some necessary definitions and notations, and some properties of
GSEDFs. In Section 3, we give some nonexistence results for GSEDFs. Especially, we prove
that a (v,m; k1, k2, k3;λ1, λ2, λ3)-GSEDF does not exist when k1 + k2 + k3 < v. In Section
4, we will construct some new GSEDFs for m = 2 and use them to obtain some results on
graph decomposition. Finally, Section 5 gives some remarks and concludes this paper.
2 Preliminaries
The following theorem gives the relationship between difference sets and GSEDFs with the
property that {D1,D2, . . . ,Dm} is a partition of G.
Theorem 2.1. ([15]) Suppose {D1,D2, . . . ,Dm} is a partition of an abelian group G of order
v, where |Di| = ki for 1 ≤ i ≤ m. Then {D1,D2, . . . ,Dm} is a (v,m; k1, . . . , km;λ1, . . . , λm)-
GSEDF if and only if each Di is a (v, ki, ki − λi)-DS in G, 1 ≤ i ≤ m.
In this paper, we shall focus on the GSEDFs with the property that {D1,D2, . . . ,Dm} is
not a partition of G. The following theorem gives another necessary and sufficient conditions
for the existence of a GSEDF with the property that {D1,D2, . . . ,Dm} is a partition of
G \ {0}.
Theorem 2.2. ([8]) Let G be an abelian group of order v. Suppose {D1,D2, . . . ,Dm} is
a partition of G \ {0}, where |Di| = ki for 1 ≤ i ≤ m. Then {D1,D2, . . . ,Dm} is a
(v,m; k1, . . . , km;λ1, . . . , λm)-GSEDF if and only if each Di is a (v, ki, ki−λi−1, ki−λi)-PDS
in G, 1 ≤ i ≤ m.
In the next section, we will use algebra tools to prove the nonexistence of some classes of
GSEDFs. Now we introduce some definitions and notations in group theory. Let Z[G] be a
2
group ring where G is an abelian group of order v with identity 1. For a given subset D of
G, we denote the group ring element
∑
d∈D d by D (by a standard abuse of notation), and
the group ring element
∑
d∈D d
−1 by D−1. Below is an equivalent definition of a GSEDF in
the form of a group ring Z[G].
Let m ≥ 2 and D1,D2, . . . ,Dm be mutually disjoint subsets of an abelian group G with
identity 1, where |G| = v and |Di| = ki for 1 ≤ i ≤ m. Then {D1,D2, . . . ,Dm} is a
(v,m; k1, . . . , km;λ1, . . . , λm)-GSEDF in G if and only if∑
1≤j≤m
j 6=i
DiD
−1
j = λi(G \ {1}) (2)
in Z[G] for each i, 1 ≤ i ≤ m.
For a finite abelian group G, there are exactly |G| distinct homomorphisms from G to
the multiplicative group of complex numbers [12]. We called them characters of G and they
form a group. The group of characters is isomorphic to G. So we can label the |G| distinct
characters {χa : a ∈ G}. Let Ĝ denote the character group of an abelian group G, and let
χ0 ∈ Ĝ be the principal character. Each character χ ∈ Ĝ is extended linearly to the group
ring Z[G] by
χ(
∑
g∈G
agg) =
∑
g∈G
agχ(g).
The method of the proof of the following theorem is similar to Lemma 2.2 in [9]. We omit
the proof here for simplicity.
Theorem 2.3. Suppose {D1,D2, . . . ,Dm} is a (v,m; k1, . . . , km;λ1, . . . , λm)-GSEDF in a
finite abelian group G and let D =
m⋃
i=1
Di. If D 6= G, then there exists at least one non-
principal character χ of G such that χ(D) 6= 0.
A character χ of group G may be nontrivial on G, but still annihilate a whole subgroup
D of G, in the sense that χ(d) = 1 for all d ∈ D. The set of all characters of G annihilating
a given subgroup H is called the annihilator of D in Ĝ.
Theorem 2.4. ([13]) Let D be a subgroup of the finite abelian group of G. Then the anni-
hilator of D in Ĝ is a subgroup of Ĝ of order |G|/|D|.
From the above theorem, we can obtain the following corollary easily.
Corollary 2.5. Let D be the set of the nontrivial subgroup of the finite abelian group of G.
Then there exists a nonprincipal character χ ∈ Ĝ such that χ(D) = |D|.
For later use, we need the following two lemmas.
Lemma 2.6. Let m ≥ 3 and k = k1 + k2 + · · · + km, where k1 ≤ k2 ≤ · · · ≤ km. Suppose
{D1,D2, . . . ,Dm} is a (v,m; k1, . . . , km; λ1, . . . , λm)-GSEDF. Then we have
(1) λ1 ≤ λ2 ≤ · · · ≤ λm;
(2) λ1 + λ2 · · ·+ λm−1 > λm; and
(3) λi ≤ ki if k ≤ v, and λi < ki, if k < v.
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Proof. By the equation (1) we have λi(v − 1) = ki(k − ki), 1 ≤ i ≤ m. Then we have
λj(v−1)−λi(v−1) = kj(k−kj)−ki(k−ki), 1 ≤ i < j ≤ m. That is (λj−λi)(v−1) = (kj −
ki)(k − kj − ki). Since m ≥ 3 and ki ≤ kj , we know that λj ≥ λi. Thus λ1 ≤ λ2 ≤ · · · ≤ λm.
For the second case, we have (λ1+λ2 · · ·+λm−1−λm)(v− 1) = k1(k− k1)+ k2(k− k2)+
· · ·+km−1(k−km−1)−km(k−km) = k1(k−k1)+k2(k−k2)+ · · ·+km−1(k−km−1)−km(k1+
k2+ · · ·+ km−1) = k1(k− k1− km)+ k2(k− k2− km)+ · · ·+ km−1(k− km−1− km) > 0. Then
we get λ1 + λ2 · · ·+ λm−1 > λm.
For the last case, from λi(v − 1) = ki(k − ki), 1 ≤ i ≤ m, we know that λiki =
k−ki
v−1 . Then
the conclusion follows.
Lemma 2.7. Let xi > 0, 1 ≤ i ≤ n+ 1, n ≥ 2.
(1) If x1 + x2 + · · ·+ xn > xn+1, then √x1 +√x2 + · · · +√xn > √xn+1.
(2)
√
1 + x1 +
√
1 + x2 + · · ·+
√
1 + xn > n− 1 +
√
1 + x1 + x2 + · · ·+ xn.
Proof. The case (1) is obvious. Now we prove the case (2) by induction on n. It is easy to see
that
√
1 + x1+
√
1 + x2 > 1+
√
1 + x1 + x2 since
√
(1 + x1)(1 + x2) >
√
1 + x1 + x2. So the
statement is right for n = 2. Suppose that the statement holds while n ≤ k for any k ≥ 2.
Then we have
√
1 + x1 + · · ·+
√
1 + xk +
√
1 + xk+1
>k − 1 +√1 + x1 + x2 + · · ·+ xk +
√
1 + xk+1
>k − 1 + 1 +√1 + x1 + x2 + · · ·+ xk + xk+1
=k +
√
1 + x1 + x2 + · · ·+ xk + xk+1
So the statement is right for n = k + 1. Thus the conclusion follows.
Theorem 2.8. Suppose m ≥ 2 and {D1,D2, . . . ,Dm} is a (v,m; k1, . . . , km;λ1, . . . , λm)-
GSEDF in a finite abelian group G. Let D =
m⋃
i=1
Di. If D 6= G, then gDi can not be a subset
of any proper subgroup of G for each g ∈ G and each i ∈ {1, 2, . . . ,m}.
Proof. It is easy to check that {gD1, gD2, . . . , gDm} is a (v,m; k1, . . . , km;λ1, . . . , λm)-GSEDF
since {D1,D2, . . . ,Dm} is a (v,m; k1, . . . , km;λ1, . . . , λm)-GSEDF. So we only need to prove
the conclusion is right when g is the unity of G. If Di is a subset of some proper subgroup of
G, then by Corollary 2.5 there exists a nonprincipal character χ such that χ(Di) = ki. Then
we have ki(χ(D)− ki) = −λi. Thus χ(D) = ki − λiki is a rational number. Since χ(D) is also
an algebraic integer, we know that λiki is an integer. So we have λi ≥ ki. This contradicts
Lemma 2.6 (3) since D 6= G.
3 Nonexistence of GSEDFs
In this section, we shall give some nonexistence results of GSEDFs. We start with two
conclusions from number theory.
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Theorem 3.1. Let p be a prime and k1 + · · ·+ km ≤ p, m ≥ 2. Then there does not exist a
(p+ 1,m; k1, . . . , km;λ1, . . . , λm)-GSEDF.
Proof. Let k = k1+ · · ·+km. If there exists a (p+1,m; k1, . . . , km;λ1, . . . , λm)-GSEDF, then
we have λip = ki(k − ki), 1 ≤ i ≤ m. So p | ki or p | k − ki since p is a prime. It is a
contradiction to p > ki or p > k − ki which can be obtained from k ≤ p.
Theorem 3.2. Let p1 and p2 be different primes, and k1 + · · · + km ≤ p1p2, m ≥ 3. Then
there does not exist a (p1p2 + 1,m; k1, . . . , km;λ1, . . . , λm)-GSEDF.
Proof. Let k = k1 + · · · + km. If there exists a (p1p2 + 1,m; k1, . . . , km;λ1, . . . , λm)-GSEDF,
then λip1p2 = ki(k − ki), 1 ≤ i ≤ m. For each i, if p1 ∤ ki and p2 ∤ ki, then p1|(k − ki)
and p2|(k − ki), so p1p2|(k − ki) since p1 and p2 are different primes. It is a contradiction to
k − ki < p1p2 since m ≥ 3 and k1 + · · · + km ≤ p1p2. Thus we have proved that either p1|ki
or p2|ki, 1 ≤ i ≤ m.
On the other hand, we can prove that if p1|ki, then p2 ∤ ki. Otherwise, p1p2|ki which is
a contradiction to ki < p1p2 since m ≥ 3 and k1 + · · · + km ≤ p1p2. Similarly, we can prove
that if p2|ki, then p1 ∤ ki. So we have either p1|ki, p2 ∤ ki and p2|(k − ki) or p2|ki, p1 ∤ ki and
p1|(k − ki).
Further, if p1|ki holds for all 1 ≤ i ≤ m, then p2|(k− ki) holds for all 1 ≤ i ≤ m, and p1|k
holds. So p1|(k − ki) holds for all 1 ≤ i ≤ m. Thus, p1p2|(k − ki) holds for all 1 ≤ i ≤ m. It
is a contradiction to k − ki < p1p2. Thus, without lose of generality, we suppose that p1|ki
and p2|(k − ki) for 1 ≤ i ≤ l, and p2|kj and p1|(k − kj) for l + 1 ≤ j ≤ m.
If l ≥ 2, then we have p2|(k−k1−
m∑
j=l+1
kj). That is p2|(
l∑
i=1
ki−k1). Note that p1|(
l∑
i=1
ki−
k1). So we have p1p2|(
l∑
i=1
ki − k1). It is a contradiction. Similarly, if l = 1, then we have
p1|(k− kl+1−
l∑
i=1
ki). That is p1|(
m∑
j=l+1
kj − kl+1). Note that p2|(
m∑
j=l+1
kj − kl+1). So we have
p1p2|(
m∑
j=l+1
kj − kl+1). It is a contradiction.
For the next theorem, we need the following notations. Suppose {D1,D2, . . . ,Dm} is a
(v,m; k1, . . . , km;λ1, . . . , λm)-GSEDF in a finite abelian group G and let D =
m⋃
i=1
Di. Then
the equation (2) is equivalent to
DjD
−1 −DjD−1j = λj(G \ {1}) (3)
in Z(G) for 1 ≤ j ≤ m.
For GSEDFs with D 6= G, by Theorem 2.3 there exists a nonprincipal character χ ∈ Ĝ
such that χ(D) 6= 0. So we apply this character on the equation (3) to obtain
χ(Dj)χ(D)− χ(Dj)χ(Dj) = −λj. (4)
5
And from the equation (4), we can get that
χ(Dj) =
|χ(Dj)|2 − λj
|χ(D)|2 χ(D).
Let
|χ(Dj)|2−λj
|χ(D)|2
= αj , then χ(Dj) = αjχ(D). We now conjugate the equation (4) and
obtain that
α2j − αj −
λj
|χ(D)|2 = 0.
Let c = 4|χ(D)|2 . Then the solutions of this equation are
α+j =
1
2
(
1 +
√
1 + cλj
)
, α−j =
1
2
(
1−√1 + cλj
)
. (5)
It is obvious that α+j > 1 and α
−
j < 0. Since χ(D) 6= 0 and χ(D) =
m∑
j=1
χ(Dj) =
χ(D)
m∑
j=1
αj , we have
m∑
j=1
αj = 1, where αj ∈ {α+j , α−j }. For later use, we state them in the
following lemma.
Lemma 3.3. If there exists a (v,m; k1, . . . , km;λ1, . . . , λm)-GSEDF in a finite abelian group
G of order v such that
m∑
i=1
ki < v, then
m∑
j=1
αj = 1 holds for some αj , where αj ∈ {α+j , α−j }.
Theorem 3.4. There does not exist a (v, 3; k1, k2, k3;λ1, λ2, λ3)-GSEDF if
3∑
i=1
ki < v.
Proof. Without loss of generality, we may suppose that k1 ≤ k2 ≤ k3. By Lemma 2.6 we
obtain that λ1 ≤ λ2 ≤ λ3 and λi + λj > λk, where {i, j, k} = {1, 2, 3}. By Lemma 3.3 we
have α1 + α2 + α3 = 1, where αj ∈ {α+j , α−j }, j = 1, 2, 3. We distinguish the following four
cases.
Case 1: α+i + α
+
j + α
+
k = 1. It is impossible since α
+
i > 1, 1 ≤ i ≤ 3.
Case 2: α−i + α
−
j + α
−
k = 1. It is impossible since α
−
i < 0, 1 ≤ i ≤ 3.
Case 3: α+i + α
+
j + α
−
k = 1. Then we have
1 +
√
1 + cλi +
√
1 + cλj −
√
1 + cλk = 0. (6)
By Lemma 2.7 we have 1+
√
1 + cλi+
√
1 + cλj > 1+1+
√
1 + cλi + cλj > 2+
√
1 + cλk.
So the left side of equation (6) can not equal to 0.
Case 4: α+i + α
−
j + α
−
k = 1. Then we have
1 +
√
1 + cλi −
√
1 + cλj −
√
1 + cλk = 0. (7)
By Lemma 2.7 we know that
√
1 + cλj +
√
1 + cλk > 1 +
√
1 + c(λj + λk) > 1 +√
1 + cλi. So the left side of equation (7) can not equal to 0.
Therefore, the conclusion follows as above.
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Now we consider the existence of a (v, 3; k1, k2, k3;λ1, λ2, λ3)-GSEDF with
3∑
i=1
ki = v. It
has been proved that there does not exist a (v, 3, k, λ)-SEDF. So we only need to consider
the case |{k1, k2, k3}| ≥ 2.
Theorem 3.5. Suppose there exists a (v, 3; k1, k2, k3;λ1, λ2, λ3)-GSEDF with
3∑
i=1
ki = v. If
|{k1, k2, k3}| = 2 or 1 ∈ {k1, k2, k3}, then v ≡ 3 (mod 4), (k1, k2, k3) = (1, v−12 , v−12 ) and
(λ1, λ2, λ3) = (1,
v+1
4 ,
v+1
4 ).
Proof. If |{k1, k2, k3}| = 2, without lose of generality, we may suppose k2 = k3. So k1 =
v − k2 − k3 = v − 2k2. Then from equation (1), we have (v − 2k2)(2k2) = λ1(v − 1) and
λ2(v−1) = k2(v−k2). Thus v−1 | (4k22−2k2) and v−1 | (k22−k2). So we obtain v−1 | 2k2.
Therefore, k2 = k3 =
v−1
2 and k1 = 1. So (λ1, λ2, λ3) = (1,
v+1
4 ,
v+1
4 ) and v ≡ 3 (mod 4).
If 1 ∈ {k1, k2, k3}, without lose of generality, we may suppose k1 = 1. Then we have
v − 1 = λ1(v − 1), λ2(v − 1) = k2(1 + k3) and λ3(v − 1) = k3(1 + k2). So we obtain λ1 = 1
and k3 − k2 = (λ3 − λ2)(v − 1). Thus v − 1 | (k3 − k2) which leads to k2 = k3. Then the
conclusion follows from the above case.
Theorem 3.6. If v ≡ 3 (mod 4) is a prime power, then there is a (v, 3; 1, v−12 , v−12 ; 1, v+14 , v+14 )-
GSEDF.
Proof. Let F∗v =< g >, D1 = {0}, D2 = {g2i : 0 ≤ i ≤ v−12 } and D3 = {g2i+1 : 0 ≤ i ≤ v−12 }.
Then D1 and D2 are respectively a (v, 1, 0)-DS and a (v,
v−1
2 ,
v−3
4 )-DS in Fv [17]. D3 is also
a (v, v−12 ,
v−3
4 )-DS in Fv since D3 = gD2. It is easy to know {D1,D2,D3} is a partition of
Fv. Then by Theorem 2.1 {D1,D2,D3} is a (v, 3; 1, v−12 , v−12 ; 1, v+14 , v+14 )-GSEDF.
By Theorem 3.5 we know that a (v, 3; k1, k2, k3;λ1, λ2, λ3)-GSEDF with
3∑
i=1
ki = v can
exist only when (1) v ≡ 3 (mod 4) and (k1, k2, k3, λ1, λ2, λ3) = (1, v−12 , v−12 , 1, v+14 , v+14 ),
or (2) 1 < k1 < k2 < k3. Actually, the case 1 < k1 < k2 < k3 can be enhanced to√
v < k1 < k2 < k3. Next we will discuss the existence of a (v, 3; k1, k2, k3;λ1, λ2, λ3)-GSEDF
for some small values of v.
For the first case v ≡ 3 (mod 4), it is easy to see v = 3 is trivial. We partition the
first 24 possible values of 3 < v < 100 into 3 sets M1,M2,M3, where M1 = {15, 35, 63, 99},
M2 = {39, 51, 55, 75, 87, 91, 95} and M3 = {7, 11, 19, 23, 27, 31, 43, 47, 59, 67, 71, 79, 83}. By
Theorem 3.6, a (v, 3; 1, v−12 ,
v−1
2 ; 1,
v+1
4 ,
v+1
4 )-GSEDF exists for each v ∈ M3. By Theorem
2.1, a (v, 3; 1, v−12 ,
v−1
2 ; 1,
v+1
4 ,
v+1
4 )-GSEDF can not exist for any v ∈ M2 since there is no
(v, v−12 ,
v−3
4 )-DS [2]. Thus, for this case, there are 4 possible values of v ∈M1 for which the
existence of a (v, 3; 1, v−12 ,
v−1
2 ; 1,
v+1
4 ,
v+1
4 )-GSEDF remains open.
For the second case
√
v < k1 < k2 < k3, we list all the possible parameters (v, k1, k2, k3)
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of a (v, 3; k1, k2, k3;λ1, λ2, λ3)-GSEDF with v ≤ 200 and
3∑
i=1
ki = v as follows:
(31, 6, 10, 15), (43, 7, 15, 21), (67, 12, 22, 33), (71, 15, 21, 35), (79, 13, 27, 39),
(85, 21, 28, 26), (91, 10, 36, 45), (103, 18, 34, 51), (106, 15, 21, 70), (111, 11, 45, 55),
(115, 19, 39, 57), (127, 28, 36, 63), (131, 26, 40, 65), (133, 12, 33, 88), (139, 24, 46, 69),
(151, 25, 51, 75), (155, 22, 56, 77), (166, 45, 55, 66), (171, 35, 51, 85), (175, 30, 58, 87),
(181, 36, 45, 100), (183, 14, 78, 91), (187, 31, 63, 93), (191, 20, 76, 95), (199, 45, 55, 99).
By Theorem 2.1, none of the above GSEDF exists in finite abelian group since at least
one corresponding difference set of each GSEDF do not exist. So we only need to show
the nonexistence of the corresponding difference sets. There are no (171, 35, 7)-DS [11] and
(175, 87, 43)-DS [2, 10] in any abelian group, and all the other corresponding difference sets
are ruled out in [2].
4 New constructions for GSEDFs with m = 2
In this section, we will present some constructions for GSEDFs with m = 2. We also establish
a relationship between GSEDFs and graph decompositions.
Lemma 4.1. There does not exist a (v,m; k1, . . . , km; 1, . . . , 1)-GSEDF where m ≥ 3 and
ki > 1 holds for some i, 1 ≤ i ≤ m.
Proof. Without lose of generality, we suppose {D1,D2, . . . ,Dm} is a (v,m; k1, . . . , km; 1, . . . , 1)-
GSEDF in G with m ≥ 3 and k1 > 1. Then we have⋃
2≤i,j≤m
j 6=i
∆(Di,Dj) = (m− 2)(G \ {0}). (8)
Let x, y ∈ D1 and x 6= y. Since m ≥ 3 and from (8), there exist u ∈ Di and v ∈ Dj , where
i, j > 1 and i 6= j such that u − v = x − y. That is u − x = v − y, it is a contradiction to
λ1 = 1.
Theorem 4.2. There exists a (v,m; k1, . . . , km; 1, . . . , 1)-GSEDF if and only if m = 2 and
v = k1k2 + 1, or ki = 1 for 1 ≤ i ≤ m and v = m.
Proof. By Lemma 4.1, we only need to consider m = 2 or ki = 1 for 1 ≤ i ≤ m. When
m = 2, from 1 × (v − 1) = k1k2, we have v = k1k2 + 1. When ki = 1 for 1 ≤ i ≤ m, from
λi(v − 1) = (m− 1)k2i , we have v = m. So the conclusion follows.
Theorem 4.3. If there is a (v, 2; k1, k2;λ1, λ2)-GSEDF, then λ1 = λ2. Further, if k1 and k2
are primes, then λ1 = λ2 = 1.
Proof. By the definition of GSEDF, we have λ1(v − 1) = k1k2 = λ2(v − 1). Then λ1 = λ2
and λ1|k1k2. And λ1 < k1 and λ1 < k2 since k1 and k2 are primes. Then we obtain that
λ1 = λ2 = 1.
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Theorem 4.4. There exists a (ab+ 1, 2; a, b; 1, 1)-GSEDF.
Proof. Let G = Zab+1, D1 = {0, 1, . . . , a − 1}, and D2 = {a, 2a, . . . , ba}. It is easy to check
that ∆(D1,D2) = ∆(D2,D1) = Zab+1 \ {0}. Then {D1,D2} is a (ab+ 1, 2; a, b; 1, 1)-GSEDF
in G.
By Theorems 4.2, 4.3, and 4.4 the existence of a (v, 2; k1, k2; 1, 1)-GSEDF has been com-
pletely determined. Now we continue to consider the existence of a (v, 2; k1, k2;λ, λ)-GSEDF
for λ > 1. The following construction is the first recursive construction for GSEDFs.
Construction 4.5. Let v > 1, t > 1 and v ≡ t ≡ 1 (mod 2). If there is a (v, 2; 2λ, v−12 ;λ, λ)-
GSEDF, then there is a (vt, 2; 4λ, vt−12 ; 2λ, 2λ)-GSEDF.
Proof. Suppose {D1,D2} is a (v, 2; 2λ, v−12 ;λ, λ)-GSEDF in the group G with identity 0,
where |D1| = 2λ, |D2| = v−12 , and ∆(D1,D2) = ∆(D2,D1) = λ(G \ {0}). Let
D′1 = {(x, j) : x ∈ D1, j = 0, 1},
D′2 = {(x, 0), (x, 2i − 1) : x ∈ D2, 1 ≤ i ≤
t− 1
2
} ∪ {(y, 2i) : y ∈ G \D2, 1 ≤ i ≤ t− 1
2
}.
We will show that {D′1,D′2} is a (vt, 2; 4λ, vt−12 ; 2λ, 2λ)-GSEDF in G× Zt.
It is easy to check that D′1 ⊂ G× Zt, D′2 ⊂ G× Zt, D′1 ∩D′2 = ∅, |D′1| = 2|D1| = 4λ and
|D′2| = ( t−12 +1)|D2|+(v−|D2|) t−12 = vt−12 . Also we have ∆(D′1,D′2) = ∆1∪∆2∪∆3, where
∆1 = {(x, 0), (x,−1) : x ∈ ∆(D2,D1)},
∆2 = {(x, 2i − 1), (x, 2i − 2) : x ∈ ∆(D2,D1), 1 ≤ i ≤ t− 1
2
},
∆3 = {(y, 2i), (y, 2i − 1) : y ∈ ∆(G \D2,D1), 1 ≤ i ≤ t− 1
2
}.
Now we prove ∆(D′1,D
′
2) = 2λ((G × Zt) \ {(0, 0)}). In other words, we need to prove
that every element (a, b) ∈ (G × Zt) \ {(0, 0)} appears exactly 2λ times in ∆(D′1,D′2). It is
sufficient to prove that every element (a, b) ∈ (G × Zt) \ {(0, 0)} appears at least 2λ times
since |D′1||D′2| = 2λ(vt − 1). We distinguish the following 3 cases.
Case 1: b = 0. In this case, a 6= 0 and (a, 0) appears λ times in ∆1 and λ times in ∆2 (let
i = 1), respectively, since ∆(D2,D1) = λ(G \ {0}).
Case 2: b ≡ 1 (mod 2). In this case, note that ∆(G \D2,D1) ∪∆(D2,D1) = ∆(G,D1) =
|D1|G = 2λG, then we know (a, b) appears λ times in ∆2 and λ times in ∆3, respectively.
Case 3: b ≡ 0 (mod 2) and b 6= 0. When 2 ≤ b ≤ t − 3, similar to Case 2, (a, b) appears λ
times in ∆2 and λ times in ∆3, respectively. When b = t− 1, (a, b) appears λ times in
∆1 and λ times in ∆3, respectively.
So the conclusion follows.
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Theorem 4.6. (1)([8]) For any prime power q ≡ 1 (mod 4), there is a (q, 2; q−12 , q−12 ; q−14 ,
q−1
4 )-GSEDF.
(2)([19]) For any prime power q ≡ 3 (mod 4), there is a (q, 2; q−12 , q+12 ; q+14 , q+14 )-GSEDF.
Theorem 4.7. Let v = p1p2 . . . pn, pi > 1, 1 ≤ i ≤ n, where p1, p2, . . . , pn are odd integers.
Then there exists a (v, 2; 2n, v−12 ; 2
n−1, 2n−1)-GSEDF.
Proof. There is a (p1, 2; 2,
p1−1
2 ; 1, 1)-GSEDF by Theorem 4.4. Applying Construction 4.5,
we obtain a (v, 2; 2n, v−12 ; 2
n−1, 2n−1)-GSEDF by induction on n.
Theorem 4.8. There exists a (16, 2; 5, 9; 3, 3)-GSEDF.
Proof. LetG = Z2×Z8, D1 = {(0, 0), (0, 1), (0, 3), (1, 0), (1, 4)}, andD2 = {(0, 4), (0, 5), (0, 7),
(1, 1), (1, 2), (1, 3), (1, 5), (1, 6), (1, 7)}. It is easy to check that ∆(D1,D2) = ∆(D2,D1) =
(Z2 × Z8) \ {(0, 0)}. Then {D1,D2} is a (16, 2; 5, 9; 3, 3)-GSEDF in G.
Theorem 4.9. Let q and q + 2 be odd prime powers and v = q(q + 2). Then there is a
(v, 2; v−12 ,
v+1
2 ;
v+1
4 ,
v+1
4 )-GSEDF.
Proof. Since q and q+2 are odd prime powers, there is a (v, v−12 ,
v−3
4 )-DS, denoted by D, in
G = Fq × Fq+2 [16]. Then G \D is a (v, v+12 , v+14 )-DS in G. So by Theorem 2.1 {D,G \D}
is a (v, 2; v−12 ,
v+1
2 ;
v+1
4 ,
v+1
4 )-GSEDF.
Theorem 4.10. Let t = p1p2 . . . pn, pi > 1, 1 ≤ i ≤ n, where p1, p2, . . . , pn are odd integers.
For any prime power q with q ≡ 1 (mod 4), there exists a (qt, 2; (q − 1)2n−1, qt−12 ; (q −
1)2n−2, (q − 1)2n−2)-GSEDF.
Proof. For any prime power q ≡ 1 (mod 4), there is a (q, 2; q−12 , q−12 ; q−14 , q−14 )-GSEDF in
Fq by Lemma 4.6 (1). Applying Construction 4.5 recursively for n times, we can obtain a
(qt, 2; (q − 1)2n−1, qt−12 ; (q − 1)2n−2, (q − 1)2n−2)-GSEDF.
Theorem 4.11. Let t = 1, n = 0; or t = p1p2 . . . pn, pi > 1, 1 ≤ i ≤ n, where p1, p2, . . . , pn
are odd integers. If 4m− 1 is a prime power or 4m− 1 = q(q+2) where both q and q+2 are
prime powers, then there is a ((4m− 1)t, 2;m × 2n+1, 4mt−t−12 ;m× 2n,m× 2n)-GSEDF.
Proof. When t = 1, n = 0, if 4m− 1 is a prime power or 4m− 1 = q(q+2) where both q and
q + 2 are prime powers, then there is a (4m− 1, 2; 2m, 2m− 1;m,m)-GSEDF by Lemma 4.6
(2) or Theorem 4.9 respectively. When t = p1p2 . . . pn, pi > 1, 1 ≤ i ≤ n, where p1, p2, . . . , pn
are odd integers, we can use Construction 4.5 to get a ((4m− 1)t, 2;m × 2n+1, 4mt−t−12 ;m×
2n,m× 2n)-GSEDF.
Now we show the relationship between a (v, 2; k1, k2;λ, λ)-GSEDF and the decomposition
of complete multigraphs into complete bipartite graphs. We briefly review some definitions
about graphs. For more definitions of graph theory, see [3].
Let Γ be a graph and λΓ be the graph obtained by assigning each edge of Γ a multiplicity
λ. An H-decomposition of a graph Γ is a partition of the edge set of Γ into |E(Γ)|/|E(H)|
subgraphs, each of which is isomorphic to H. An H-decomposition of a graph Γ is said to be
cyclic if it admits an automorphism cyclically permuting all of the vertices of Γ.
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Theorem 4.12. If there exists a (v, 2; k1, k2;λ, λ)-GSEDF, then the graph 2λKv has a cyclic
Kk1,k2-decomposition.
Proof. Suppose {D1,D2} is a (v, 2; k1, k2;λ, λ)-GSEDF in a group G of order v. We use
(D1;D2) to denote the complete bipartite graph Kk1,k2 with vertex set D1 ∪D2 and edge set
{(d1, d2) : d1 ∈ D1, d2 ∈ D2}. Let H = {(D1 + g;D2 + g) : g ∈ G}. Then it is easy to check
that H is a cyclic Kk1,k2-decomposition of 2λKv.
Not much result is known for cyclic Ka,b-decompositions of complete multigraphs, see [4].
By Theorems 4.4, 4.7-4.11 and 4.12, we have the following results:
(1) Let v = ab+ 1. Then 2Kv has a cyclic Ka,b-decomposition;
(2) Let v = p1p2 . . . pn, pi > 1, 1 ≤ i ≤ n, and p1, p2, . . . , pn be odd integers. Then 2nKv has
a cyclic K2n,(v−1)/2-decomposition;
(3) 6K16 has a cyclic K5,9-decomposition;
(4) Let q and q + 2 be odd prime powers and v = q(q + 2). Then v+12 Kv has a cyclic
K v−1
2
, v+1
2
-decomposition;
(5) Let t = p1p2 . . . pn, pi > 1, 1 ≤ i ≤ n, where p1, p2, . . . , pn are odd integers. For any
prime power q with q ≡ 1 (mod 4), then (q − 1)2n−1Kqt has a cyclic K(q−1)2n−1, qt−1
2
-
decomposition;
(6) Let t = 1, n = 0; or t = p1p2 . . . pn, pi > 1, 1 ≤ i ≤ n, where p1, p2, . . . , pn are odd
integers. If 4m− 1 is a prime power or 4m− 1 = q(q + 2) where both q and q + 2 are
prime powers, then (m× 2n+1)K(4m−1)t has a cyclic Km×2n+1, 4mt−t−1
2
-decomposition.
5 Concluding Remarks
In this paper, we have constructed some new GSEDFs for m = 2. But there is still a long
way to go before the existence of a (v, 2; k1, k2;λ, λ)-GSEDF can be determined completely.
Remark 5.1. For each v ≤ 21 we have determined the existence of a (v, 2; k1, k2;λ, λ)-
GSEDF as below. When λ = 1, a (v, 2; k1, k2;λ, λ)-GSEDF exists by Theorem 4.4. When
λ ≥ 2, all the possible parameters (v, k1, k2, λ) of a (v, 2; k1, k2;λ, λ)-GSEDF are listed as
follows: (v, k1, k2, λ) ∈M1 ∪M2 ∪M3 ∪M4 ∪M5, where
M1 = {(21, 4, 10, 2), (21, 8, 10, 4)},
M2 = {(15, 4, 7, 2), (16, 5, 9, 3)},
M3 = {(13, 4, 9, 3), (15, 7, 8, 4), (16, 6, 10, 4), (21, 5, 16, 4)},
M4 = {(7, 3, 4, 2), (9, 4, 4, 2), (11, 5, 6, 3), (13, 6, 6, 3), (17, 8, 8, 4), (19, 9, 10, 5)},
M5 = {(10, 3, 6, 2), (11, 4, 5, 2), (13, 3, 8, 2), (13, 4, 6, 2), (15, 6, 7, 3), (16, 3, 10, 2), (16, 5, 6, 2),
(17, 4, 8, 2), (17, 4, 12, 3), (17, 6, 8, 3), (19, 3, 12, 2), (19, 4, 9, 2), (19, 6, 6, 2), (19, 6, 9, 3),
(19, 8, 9, 4), (21, 5, 8, 2), (21, 4, 15, 3), (21, 5, 12, 3), (21, 6, 10, 3), (21, 10, 10, 5)}.
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By Theorems 2.1, 4.6 and 4.11, we know the GSEDFs with parameters in M1, M3 and
M4 all exist. By Theorems 4.7 and 4.8, the GSEDFs with parameters in M2 exist. From
[9], there does not exist a GSEDF with parameters (21, 10, 10, 5). The existence of the other
GSEDFs with parameters in M5 is denied by a computer exhaustive search.
In Section 3, we have given some nonexistence results for GSEDFs and proved the nonex-
istence of a (v, 3; k1, k2, k3;λ1, λ2, λ3)-GSEDF with k1 + k2 + k3 < v. For the existence of a
(v, 4; k1, k2, k3, k4;λ1, λ2, λ3, λ4)-GSEDF with
4∑
i=1
ki < v, we conjecture it does not exist.
Remark 5.2. If a (v, 4; k1, k2, k3, k4;λ1, λ2, λ3, λ4)-GSEDF exists, then by Lemma 3.3 we
can find a set {α1, α2, . . . , αm} such that α1 + α2 + · · ·+ αm = 1, where αj ∈ {α+j , α−j }, j =
1, 2, . . . ,m. Let J = {j : αj = α+j , 1 ≤ j ≤ m}. It is easy to see when |J | = 0, 1, m− 1, m,
the equation α1 + α2 + · · · + αm = 1 is impossible. So when m = 4, we only need to prove
when |J | = 2, the equation α1 + α2 + · · ·+ αm = 1 is impossible. That is
α+i + α
+
j + α
−
k + α
−
t = 1, (9)
where i, j, k, t take different values in {1, 2, 3, 4}. However, we can not determine whether
the equation (9) is impossible at present.
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